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Abstract 



A particular, yet relevant, particular case of the Penrose inequality involves null shells 
propagating in the Minkowski spacetime. Despite previous claims in the literature, the validity 
of this inequality remains open. In this paper we rewrite this inequality in terms of the 
5_i ■ geometry of the surface obtained by intersecting the past null cone of the original surface S 

with a constant time hyperplane and the "time height" function of S over this hyperplane. We 
also specialize to the case when S lies in the past null cone of a point and show the validity of 
the corresponding inequality in any dimension (in four dimensions this inequality was proved 
by Tod [I]). Exploiting properties of convex hypersurfaces in Euclidean space we write down 
the Penrose inequality in the Minkowski spacetime of arbitrary dimension n + 2 as an inequality 
for two smooth functions on the sphere § n . We finally obtain a sufficient condition for the 

^vq | validity of the Penrose inequality in the four dimensional Minkowski spacetime and show that 

^J ■ this condition is satisfied by a large class of surfaces. 

o 

1 Introduction 

The Penrose inequality is a conjecture on spacetimes containing specific types of spacelike co- 
dimension-two surfaces which play the role of quasi-local replacements of black holes. In addition, 
the spacetime is assumed to satisfy an energy condition and have suitable asymptotic behaviour at 
infinity. The inequality bounds from below the total mass of the spacetime in terms of the area of 
the quasi-local black holes (or suitable surfaces defined in terms of them) . The Penrose inequality 
is important because it provides a strengthening of the positive mass theorem and also, and 
perhaps more importantly, because its validity would give rather strong indirect support for the 
validity of the weak cosmic censorship conjecture [2]. In fact, the Penrose inequality was originally 
put forward by Penrose [3] as a way of identifying gravitational configurations that could violate 
the weak cosmic censorship hypothesis. Since then, and given the absence of counterexamples, the 
emphasis has turned into trying to prove the conjecture. So far, the inequality has been proved 
in full generality in the case of asymptotically flat spacetimes satisfying the null convergence 
condition and containing a time-symmetric asymptotically flat spacelike hypersurface with an 
inner boundary composed of outermost closed minimal surfaces. The case of spacetime dimension 
four and connected inner boundary was dealt with by Huisken and Ilmanen [3J. The case of 
spacetime dimension up to eight and no assumption on connectedness of the inner boundary is 
due to Bray [5]. The other general case where the inequality is known to hold is for spherically 
symmetric spacetimes satisfying the dominant energy condition (in arbitrary spacetime dimension) 
[BJ [7]. Besides this, there are also many partial results of interest (see [8] for a relatively recent 
review on this topic and [9 J for some new developments). 



One version of the Penrose inequality deals with asymptotically flat spacetimes with a regular 
past null infinity J^~ and satisfying the dominant energy condition. Consider a closed, orientable 
spacelike S surface and recall that S admits two future directed null normals I, k. If 5* is such that 
the null expansion along I vanishes (i.e. it is a marginally outer trapped surface) and, moreover, the 
null hypersurface O defined by null geodesies starting on S and tangent to —A: extends smoothly 
all the way to <#~, then the Penrose inequality conjectures that the Bondi mass evaluated at 
the cut between fi and J?~ is bounded below in terms of the area of S. In four dimensions, the 
inequality reads 



* s Vk- (1) 

Ludvigsen and Vickers [10J proposed an argument to prove this inequality in the general case. 
However, this argument made use of an implicit assumption that does not hold in general |llj . 
Moreover, it is not easy to write down conditions directly on S which ensures that this extra 
assumption holds true. The Penrose inequality for the Bondi mass is therefore an open and 
interesting problem. 

A particularly simple case of this version of the inequality can be formulated for spacetimes 
generated by shells of null dust propagating in the Minkowski spacetime. In fact this situation 
was the original set up where the Penrose inequality was discussed in his seminal paper [3]. The 
idea is the following: imagine that a infinitesimally thin shell of matter is sent from past null 
infinity in the Minkowski spacetime. The matter content of the shell is null dust, i.e. pressure-less 
matter propagating at the speed of light. Assume that the shape of the shell, as seen by an inertial 
observer in the Minkowski spacetime, is a convex surface sufficiently near J^ _ . This guarantees 
that the null hypersurface defined by the motion of the null dust is regular in a neighbourhood of 
,y~ . Of course this null hypersurface will develop singularities in the future, where incoming null 
geodesies meet conjugate points. We denote by SI the maximal extension of this null hypersurface 
as a smooth submanifold in the Minkowski spacetime. 

The shell modifies the spacetime geometry after it has passed and, since it is collapsing, it will 
typically generate a trapped surface in its exterior. The spacetime outside the shell is, in general, 
very complicated (in particular, because the shell produces gravitational waves), but the interior 
geometry remains unaffected before the shell goes through. Now, the spacetime geometry right 
after the shell passes can be determined from the interior geometry and the properties of the shell 
itself by using the junction conditions between spacetimes, see e.g. [12]. Moreover, the matter 
distribution of the shell can be prescribed freely (at one instant of time). It turns out that given 
any closed (i.e. compact and without boundary), spacelike surface embedded in Q, the energy 
distribution of the null shell can be arranged so that S is a marginally outer trapped surface 
with respect to the spacetime geometry generated by the shell. The direction I along which the 
null expansion vanishes is transverse to ft. Moreover, the energy density of the shell determines 
the Bondi mass of the newly generated spacetime at the cut defined by the intersection of Q 
and J^~. Now, the area of S is the same when measured with the Minkowskian geometry and 
when observed from the outside spacetime geometry. Moreover, the jump of the null expansion 9i 
across the shell can be computed in terms of the energy-density of the shell. Combining this facts, 
it follows that the Penrose inequality ([I]) becomes an inequality for (a suitable class of) closed 
spacelike surfaces in the Minkowski spacetime. The resulting inequality is (see O HJ [13] in four 
spacetime dimensions and [14] for arbitrary dimension), 
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QlVS > n(u> n )n\S\ — , (2) 

s 

where n is the dimension of S (i.e. two in spacetime dimension four) and uj n the area of the 
standard sphere S n . In this expression \S\ is the area of the surface S and Q\ is the null expansion 



of 5 with respect to the future directed, outer (i.e. transverse to Q) null normal I normalized by 
the condition (l,k) = —2, where k is the future directed null normal to S which is tangent to f2 
and which satisfies (df,k) = — 1. All these expressions refer to the geometry of the Minkowski 
spacetime, in particular (•,•) denotes scalar product with the Minkowskian metric and dt is a 
covariantly constant, unit, timelike vector field in the Minkowski spacetime. The only restriction 
on the surfaces S is that the null hypersurface obtained by sending light orthogonally from them 
along —k generates a hypersurface which is regular everywhere and extends all the way to infinity. 
Geometrically, it is clear that this occurs if and only if the intersection of O with the constant 
hyperplane {t = to} (for to sufficiently negative) is a convex surface of the Euclidean space. We 
call these surfaces S spacetime convex in this paper. 

Despite the simplicity of the ambient geometry, proving this inequality is still remarkably 
difficult. The first case that was solved involved surfaces S that lie on a constant time hyperplane 
{t = to}. In this case, Gibbons proved [151 E] that the inequality reduces to the classic Minkowski 
inequality relating the total mean curvature and the area of convex surfaces in Euclidean space 
(see expression (4) in Sect. 56 of [16J). 

The second case refers to surfaces S contained in the past null cone of a point and leads to a 
non-trivial inequality for functions on the sphere [31 [T7]. In spacetime dimension four, its validity 
was proved by Tod [T| using the Sobolev inequality in M 4 applied to functions with suitable angular 
dependence. Regarding the general case, Gibbons claimed [H] to have a general proof. However, 
the argument contains a serious gap and the problem remains open. This gap was first mentioned 
in [8] without going into the details. In Section [2] we discuss in more detail the argument used by 
Gibbons and show where it fails. 

Our main objective in this paper is to express the Penrose inequality in the Minkowski space- 
time of arbitrary dimension in terms of the geometry of the convex euclidean surface obtained by 
intersecting Q with a constant time hyperplane {t = to} together with the time height function 
t = t\s — to- This is the contents of Theorem [H By applying a powerful Sobolev type inequality 
on the sphere due to Beckner [18] we prove the validity of this inequality in the case when the 
surface S lies in the past null cone of a point (Theorem H]). This generalizes to arbitrary dimension 
the result by Tod [1] in spacetime dimension four mentioned above and shows that a conjecture 
put forward by this author regarding the optimal form of the inequality is in fact true. The ge- 
ometry of convex, compact hypersurfaces in Euclidean space can be fully described in terms of a 
single function h on the unit sphere. This function is called the "support function" and plays an 
important role in this paper. In spacetime dimension four, the support function was already used 
in [19] in a related but different context. One of our main results is Theorem [2] where we write 
down the Penrose inequality in Minkowski as an inequality involving two smooth functions on 
the n-dimensional sphere. Inspired by the argument by Ludvigsen and Vickers [10] and simplified 
later by Bergqvist [TT], we are able to prove (Theorem [6]) the validity of this inequality in four 
spacetime dimensions for a large class of surfaces. This class contains a non-empty open set of 
surfaces. However, when applied to surfaces lying on the past null cone of a point, the only case 
covered by this theorem is when S is a round sphere. Thus, the cases covered by Theorem H] and 
by Theorem [6] are essentially complementary, which indicates that any attempt of proving the 
Penrose inequality in Minkowski in the general case will probably require a combination of both 
methods. 

The plan of the paper is as follows. In section 2 we discuss Gibbons' argument [2] and 
explain in detail where it fails. For the sake of clarity, we use in this section the same notation 
and conventions of |14j . In Section [3] we introduce the notation and conventions we use in this 
paper. We also recall some well-known facts on the geometry of null hypersurfaces used later. In 
Section H] we relate the two null expansions of a spacelike surface embedded in a strictly static 
spacetime. Although applied in this paper only in the case of the Minkowski spacetime this result 



is interesting on its own and has potential application for the Penrose inequality for null dust shells 
propagating in background spacetimes more general than Minkowski. In Section [5] we introduce 
the notions of spacetime convex null hypersurface and spacetime convex surface which are useful 
for stating and studying the Penrose inequality in Minkowski and we rewrite this inequality in 
terms of the geometry of the projected surface obtained by intersecting the outer directed past null 
cone £1 of S with a constant time hyperplane {t = to}, and the so-called "height function" r which 
identifies S within (7. In Section[6]we introduce the support function h for convex hypersurfaces in 
Euclidean space and rewrite the inequality in terms of the functions {h,r} (and its derivatives), 
as functions of the unit sphere S n . We show that, in the particular case when f2 is the past 
null cone of a point, the Penrose inequality follows from Beckner's inequality [18J. In Section 
[7J we restrict ourselves to the four dimensional case and, exploit properties of two-dimensional 
endomorphisms in order to simplify the inequality in terms of {h,r}. The result is stated in 
Theorem [5j Finally, in Section [8] we prove the validity of the inequality for a large class of surfaces 
in the four-dimensional case. The method of proof is inspired in the flow of surfaces put forward by 
Ludvigsen and Vickers |10| and simplified and clarified later by Bergqvist [11]. The explicit form 
we have for the inequality allows us make the method work for a much larger class of surfaces than 
those covered by the original argument. In future work we intend to study whether this extension 
can be pushed from the Minkowski spacetime discussed here to more general spacetimes with a 
complete past null infinity. 

2 A critical revision of Gibbons' argument 

In this section we discuss the gap in Gibbons' attempt [14J to prove the general inequality (J2]). 
Following the notation in |14| . we will denote by T the spacelike, spacetime convex surface involved 
in the inequality. The future directed null normals are called n a and l a and are chosen so that n a 
is inward (i.e. the geodesies tangent to n a generate the null hypersurface extending to ^~) and 
satisfy n a t a = —1 and l a n a = —1, where t a is a covariantly constant, unit, timelike vector field 
in Minkowski and indices are raised and lowered with the Minkowski metric n a p. Let us denote 
by V Q the covariant derivative in the Minkowski spacetime. 

The strategy in p3] was to project T along t a onto a constant time hyperplane orthogonal 
to t a . The projected surface is denoted by T. The main idea was to rewrite ([2]) in terms of the 
geometry of T as a hypersurface in Euclidean space. Gibbons finds that, whenever 9i > 0, the 
projected surface T has non-negative mean curvature and its mean curvature (with respect to the 
outer unit normal tangent to the constant time hyperplane) J, reads (see expression (5.11) in 



J = J^p+^n, (3) 

where 7 = —t a l a , 2p = X7 a l a is the null expansion of l a (hence p = j6i when compared with 
the normalization we used in ([2D) and 2p = — V Q n Q is minus the null expansion along n a . As a 
consequence of ([3]) and properties of the Minkowski spacetime it follows 

pdA = - J JdA, (4) 

T 4 Jf 

where dA, dA are, respectively, the area elements of T and T. The area of T is not smaller that 
the area of T and hence inequality ([2]) would follow from (J4} and the Minkowski-type inequality 

/ J(ii> n^-lfl 2 ^. (5) 

Jf 



In 1994, Trudinger [20] considered this inequality for general mean convex surfaces in Euclidean 
space (i.e. surfaces with non-negative mean curvature) and gave an argument for its proof using an 
elliptic method. However, according to Guan and Li [21], this argument turns out to be incomplete 
and the inequality is still open (in [21] a parabolic argument is proposed which proves the inequality 
for mean convex starshaped domains in Euclidean space). Nevertheless, the main problem with 
Gibbons' argument does not lie in the validity of ([5]) but on the orthogonal projection leading to 
([3]). The projection is performed as follows. First extend n a to an ingoing null hypersurface M by 
solving the affinely parametrized null geodesic n a V a n a = with initial data n a on S. Similarly, 
l a is extended to a null vector field on the outgoing null hypersurface C passing through S and 
with tangent vector l a . These vector fields are then extended to a spacetime neighbourhood of S 
by parallel transport along t a . With this extension, we have n a t a = — 1 everywhere. Defining 7 
on this neighbourhood by 7 = —t a l a , the following vector field can be introduced: 

^ = _L(r- 7 n Q ). (6) 

V 2 7 



It follows immediately that v a is everywhere normal to t a . Morever, this field is orthogonal to 
T and unit on this projected surface. Gibbons used in [TJ] that the mean curvature J of the 
projected surface T can be expressed as J = V a v a \f. However, the definition of mean curvature 
gives J = V a v a \ f — ^v a V a (v, v) U. Thus, the expression used by Gibbons is only correct provided 
v a ^ ' a (v,v)\f = 0. The extension of v a is uniquely fixed by the definition (|S]) and a priori there is 
no reason why this vector should remain unit in a neighbourhood of T (or, more precisely, that the 
derivative of its norm should vanish on T). Moreover, substituting ([6]) in the (correct) expression 
for J gives 



J= ^p+^fi + rV a (-^\ - n a V a U^j - \v a V a {v, v) 



(7) 



which agrees with (|3|) only if the last three terms cancel each other. The third term in the right- 
hand side of ([7]) is always zero because PV a 7 = l a V a (—t^lp) = — t@l a V a lp = 0, which follows 
from the fact that l a is geodesic and t a is covariantly constant. However, neither v a V a {v,v) nor 
the derivative of 7 along n a need to vanish on T. Even more, they need not, and in fact do not, 
cancel out in general. This fact invalidates ([3]) which in turn, spoils the relationship @ between 
the left-hand side of the Penrose inequality ([2]) and the integral of the mean curvature J of the 
projected surface T. It is possible to derive general expressions both for n a V a ~f and for v a V ' a (v, v) 
on T (or T) which show that such cancellations do not occur. Instead of doing so, we find it more 
convenient to present an explicit example where the last two terms in ([7]) do not cancel each other. 
For completeness, we also evaluate J, p and \x explicitly on this example and show that ([3]) is not 
valid. 

For the example, we consider spherical coordinates {t, r, 6, <f>} on Minkowski and consider the 
past null cone of the origin p defined by the coordinates {t = 0,r = 0}. This past null cone 
tip is defined by the equation t + r = 0. We consider an axially symmetric (with respect to 
the Killing vector d*) spacelike surface T embedded in Q p . The embedding is then given by 
{t = —R(9),r = R(9),6,4>}, where R is a smooth, positive function (satisfying suitable regularity 
properties at the north and south poles, as usual). With the normalization for n a , l a above (and 
choosing t a = (dt) a ) a direct calculation gives 

n\r = d t -d r , (8) 

'R 2 + (R') 2 \ . (R 2 -(R') 2 \ a R! 



"'■ l-w^J^+l-w^J*-^' (9) 



where prime denotes derivative with respect to 9. We need to determine the vector field l a (y^) 
as a function of the spacetime coordinates y@ = {t,r,9,(j)}. The condition that l a is paralelly 
propagated along t a means that l" does not depend of t, i.e. l°{y l ), with y % = {r, 9,(j>}. The 
boundary conditions |9| onT require 



Z*(r,M) 
l 6 (r,9,, 



r=R(8) 



r=R(6) 



R 2 + (R') 2 
- _R' 



r(r,9,ct>) 



r=R(9) 



r=R{9) 



R 2 - (R 



i\2 



0. 



(10) 



Since 7 
it 



-t a L 



V it follows n a V Q 7 = —d r l. Thus, in spherical coordinates, n a V Q 7| 



(d r l t )\ r =R(e)- The component /3 = of the geodesic equation l a V a l^ = takes the explicit form 

l T d r l l + l d del l + /%/* = 0. 
Evaluating this expression on r = R(9) and using (|1U|) it is now straightforward to obtain 

-2(R') 2 (R"R - {R') 2 ) 



n a V al J 



■{d r l )\ r =R(0) 



R 3 {R 2 + (R') 2 ) ' 
Applying a similar argument it follows that the last term of ([7]) takes the form 
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1 



v a V a {v,v) 



(R') 



'\2 



r=R(6) 



R 2 y/WTW) 



(12) 



It is clear that (|lip and (|12p do not cancel each other in general. As mentioned above we complete 
the argument by writing down the explicit expressions for 7, p, p and J. It is a matter of simple 
calculation to obtain 



/\2 



7 If 

p\f 
p\ f 



T 2R 2 ' 

R 2 + {R') 2 -RR" R' cos 9 



2R 3 



1 
I' 



2R 2 sin 9' 



2R 2 + 3(R') 2 - RR" R'cos9 



y/R 2 + {R') 2 V R 2 + {R') 2 Rsint 

Substituting these expressions in the right-hand side of © gives 

2R 2 + 2(R') 2 - RR" R! cos 1 



(13) 



-P+ V 2 7/^ 

7 



f ^R 2 + {R') 2 



R? 



Rsm.{ 



which is clearly different to the expression for J\^ in ()13|) . This proves that (|3|) cannot be correct. 
If we instead perform the analogous substitution in ([7]) we find a consistent expression. 



3 Notation and basic definitions 

Throughout this paper (M, g) denotes an (n + 2)-dimensional spacetime, namely an (n + 2)- 
dimensional oriented manifold endowed with a metric g of Lorentzian signature +n. We always 
take n > 2 and assume (M, g) to be time oriented. Tensors in M carry Greek indices and 
we denote by V the Levi-Civita covariant derivative of M. On a manifold with metric 7, we 



denote by (•, -) 7 the scalar product with this metric. When the scalar product is with respect 
to the spacetime metric g we simply write (•,•). Our sign convention for the Riemann tensor is 
Riem(X, Y)Z = (V x Vy - Vy V x - V[x,Y])Z. 

The Penrose inequality in the Minkowski spacetime will involve the geometry of null hypersur- 
faces, namely codimension one, embedded submanifolds with degenerate first fundamental form. 
Let f2 be a null hypersurface and k a future directed vector field tangent to O which is nowhere zero 
and null. This vector field is defined up to multiplication with a positive function F : O — )■ R + . 
It is well-known (see e.g. [22]) that given any point p G fi, an equivalence relation can be defined 
on T p Q by means of X ~ Y iff X — Y = ck with c G K. The equivalence class of I 6 T p Vt 
is denoted by X and the quotient space by T p Q/k. The set TVi/k = U P en T p Q/k, is endowed 
naturally with the structure of a vector bundle over Q (with fibers of dimension n) which is called 
quotient bundle. 

Given X,Y G T p Q/k, it follows that 7 (X, Y) = (X,Y) is a positive definite metric on 
this quotient space. The tensor K (X,Y) = (Vxk,Y) is well-defined (i.e. independent of the 
representatives X, Y £ T p £l of X,Y and of the extension of Y to a neighbourhood of p). This 
tensor is symmetric and plays the role of a second fundamental form on Q. The Weingarten map, 
which we denote by K^ 1 , is the endomorphism obtained from K Q by raising one index with the 
inverse of 7 . Finally, the trace of K is the null expansion d k of tt. Under a rescaling k — > Fk, 
these tensors transform as K n — > FK n ,K n — > FK n and 6 k — > F8 k . 

A derivative oiTVt/k can be defined via (X)' = V k X . Again this derivative is well-defined (i.e. 
independent of the representative chosen in the definition). Note, however, that it does depend 
on the choice of k. As usual, this derivative is extended to tensors in TVt/k with the Leibniz 
rule. An important property of null hypersurfaces is that the quotient metric 7 , the quotient 
extrinsic curvature K n and the ambient geometry (M, g) are related by the following equations 
(see e.g. [22]), which are the analog in the null case to the standard Gauss-Codazzi equations for 
non-degenerate submanifolds, 

{j n y = 2K n , 

(K n )' + K n o K n + R - QK n = 0, (Ricatti equation) 



where K^ 1 o K^ 1 is the composition of endomorphisms, R(X) = Riem(X, k)k and Q is defined by 
Vfcfc = Qk (the integrals curves of k are necessarily null geodesies but the parameter along them 
need not be affine). 

In order to transform this system of equations into a system of ODE for tensor components, let 
us choose k to be affinely parametrized, i.e. satisfying V^fc = 0. Let us also select n vector fields 
Xa (A, B, C = 1, • • • , n) tangent to satisfying the properties (i) [k, Xa] = and (ii) {k\ p , Xa\ p } 
is a basis of T p Q at one point p £ ft. Denote by a p (a) an affinely parametrized null geodesic 
containing p and with tangent vector k (for later convenience we do not fix yet the origin of the 
affine parameter a). Then {X^l^^)} is a basis of T ap ^Q/k and the tensor coefficients 7^(c), 

lo„(<r) and Kn \a p (a) 



^AB( a ) °f 7 U \a (o-) an d -K" U (a) i n this basis satisfy the ODE 



d(K 



n\A 



B __ (istt\A (j^VL\C tjA 



da 



(K u ) A c( K ) B ~ R 



B- 



— — — = 2(A )ab, (14) 

where R B are defined by R{Xb) = R b Xa and indices are lowered and raised with the metric 
{j n )AB and its inverse (^ n ) AB . 



4 Relationship between two null curvatures of a spacelike surface 
in a strictly static spacetime 

In this paper a spacelike surface S is a connected, codimension-two, spacelike, oriented and closed 
(i.e. compact and without boundary) smooth, embedded submanifold in a spacetime (M,g). 
Tensors in S will carry Latin capital indices and the induced metric and connection on S are 
denoted respectively by 7 and D. Our conventions for the second fundamental form and the mean 
curvature are K(X,Y) = -(Vjfi') 1 and H = TrK. Here X, Y are tangent vectors to S, and _L 
denotes the normal component to S. If v is a vector field orthogonal to S, the second fundamental 
form along v is K U (X,Y) = f (v,K{X,Y)) = -(is,V x Y), with X,Y e T p S. 

The normal bundle of S is a Lorentzian vector bundle which admits a null basis {/, k} that we 
always take smooth, future directed and normalized so that (k, I) = —2. The second fundamental 
form K along I is also called null extrinsic curvature and its trace is the null expansion along I, 
denoted by Q\. The same applies to the null direction k. The mean curvature decomposes in the 
null basis {/, k} as H = —^(0^1 + Oik). 

Let us now assume that M is strictly static, i.e. that it admits a Killing vector field £ which is 
everywhere timelike and hypersurface orthogonal. We define a positive function V by (£, £) = — V 2 . 
The integrability of £ implies, locally, the existence of a smooth function t such that £ Q = — V 2 V a t- 
The following Lemma shows that the null expansions of any spacelike surface S in a strictly static 
spacetime are not independent to each other. In the case of the Minkowski spacetime this result 
was proved in [1] 



Lemma 1 (Relationship between null extrinsic curvatures). Let (M,g) be an (n + 2)- 

dimensional strictly static spacetime with static Killing vector £. Let S be a spacelike surface in 
(M,g). With the notation above, we have 

- (£, k)K l AB - <£, l)K k AB - D A {V 2 D B t) - D B (V 2 D A t) = 0, (15) 

where V and t are respectively, the restriction ofV and t on S. 

Proof. Since the relationship is local, it suffices to work on a suitably small neighbourhood U p of 
a point p G S. We choose U p small enough so that £ a = — V 2 V a t on U p and work on U p from now 
on. Let {X^} be a basis of the tangent space to S on U p . Decomposing £ in the basis {I, k, Xa}, 
we find 

C\s = ™<£, k)l - l -{U)k - V 2 X c X c (i), (16) 

where X c is the vector field X c = r y CD 'Xp. The Killing equation V Q £/3 + V/^q, = implies, on 
U P , 

(X b ,V Xa £) + (Xa,Vx b O=0. (17) 

Let us work out the first term. Inserting the decomposition (|16p and using the definition of null 
extrinsic curvature K l AB = (X B ,V x A l) (and similarly for k) it follows 

(X B ,Vx A = -\(^k)K l AB ~ \(U)K k AB - (x B ,V XA (V 2 X c X c (i))) . (18) 

Now, the tangential projection to S of a spacetime covariant derivative coincides with the intrinsic 
covariant derivative on S. More precisely, for any vector fields X, Y, Z tangent to S we have 
(X,VyZ) = (X,DyZ)y. Thus, the last term in (JT8J) becomes 

X B ,V XA (V 2 X c X c {i))) = (x B ,Dx A {y 2 X C X c {t))) =(X B ,Dx A X c ) i V 2 X c {t) + 

+X A (v 2 X B (t)) = D A (V 2 D B t), 



where we used (X B ,X c )y = 5% in the third equality and (X B ,Dx A X c ^ = — T% A , where T AB 
are the connection coefficients of D in the basis {X^}. Inserting this expression into (|18p we 
conclude 

(X B ,VxA) = -\(i,k)K l AB - \(U)K k AB - D A {V 2 D B i) 

which combined with (|17p proves the Lemma. D 

Corollary 1. Under the same assumptions as in the previous Lemma, 

(tl)(Z,k) = V 2 (l + V 2 \Di\ 2 ). 

(Here and in the following |.D/|^ = 7 f,Af,B for any function / : S — > M.). 
Proof. Squaring (|16|) it follows 

-V 2 = <£,£> = -(£,k)(S,l) + V i 1 CD x c {i)X D {i) = -^k)(U)+V A \Di\ 2 r 

D 

5 Penrose inequality in the Minkowski spacetime in terms of the 
geometry of convex surfaces 

We will restrict from now on to the (ra + 2)-dimensional Minkowski spacetime (At ,n+ , n) [n > 2). 
Choose a Minkowskian coordinate system (t,x a ) and define £ = dt- Since this Killing vector is 
unit, we have V = 1 in the notation of the previous section. The hyperplanes at constant t = to 
will be denoted by T, to . 

As already mentioned, the physical construction leading to the Penrose inequality involves null 
hypersurfaces which extend smoothly all the way to past null infinity. We introduce the following 
definition which captures this notion conveniently (recall that a null hypersurface is maximally 
extended if it cannot be extended to a larger smooth null hypersurface). 

Definition 1 (Spacetime convex null hypersurface). Let Q be a maximally extended null 
hypersurface in (Ai 1,n+ , rj). Q is spacetime convex if there exists to £ M for which the surface 
So = £1 n T,t is closed (i.e. smooth, compact and without boundary), connected and convex as a 
hypersurface of the euclidean geometry ofEt . £1 is called spacetime strictly convex if So is strictly 
convex, namely with positive principal curvatures at every point. 

Remark. The idea of the definition is, obviously, that if the shape of the null hypersurface 
at some instant of Minkowskian time is convex, then the past directed outgoing null geodesies 
cannot develop caustics and hence the null hypersurface will extend smoothly to past null infinity. 
It is also clear that if O n H 4o is closed and convex for some to, the same occurs for all t < to- 

Given a spacetime convex null hypersurface f2, we always normalize the tangent null vector 
k uniquely by the condition (k,£) = — 1. This vector field will also be normal to any spacelike 
surface embedded in 0. Since the Penrose inequality involves precisely this type of surfaces the 
following definition is useful: 

Definition 2 (Spacetime convex surface). A spacelike surface S embedded in ( < M 1 ' n ", 77) 

is called spacetime (strictly) convex if it can be embedded in a spacetime (strictly) convex null 
hypersurface Q of (M. ' n+ , rj). 



It is intuitively obvious (and easy to prove) that a spacelike surface S can be embedded at 
most in one spacetime convex null hypersurface fi. Thus, for any such surface we can define 
unambiguously a null basis {I, k} of its normal bundle by the conditions that k is tangent to the 
spacetime convex null hypersurface containing S and the normalization conditions (k,£) = — 1, 
{I, k) = —2. We refer to I as the outgoing null normal and to k as ingoing null normal. The Penrose 
inequality (J2]) involves the null expansion 6i with respect to the outer null normal. The idea we 
want to explore in this paper is how this inequality can be related to the geometry of a convex 
hypersurface of Euclidean space. The most natural convex surface arising in this setup is precisely 
the surface Sq = VLC\ St (see Figure [1]). On the other hand, any convex surface .So ^ T, to defines 
uniquely a spacetime convex null hypersurface SI and, then, any spacelike surface embedded in (7 
is defined uniquely by the "time height" function over Sj , namely the function r = t\s — to- This 
function is defined on S. However, there is a canonical diffeomorphism <j) : S —> Sq defined by the 
condition that (f)(p) lies on the maximally extended null geodesic a p passing through p and with 
tangent vector k\ p . This diffeomorphism allows us to transfer geometric information from S onto 
So and viceversa. In particular, we can define ((/> -1 )*(r). Since no confusion will arise, we still 
denote this function by r. The precise meaning will be clear from the context. 



(M 



l,n+l 




Figure 1: Schematic figure representing the construction above, where the spacetime convex sur- 
face S is projected along fi onto the constant time hyperplane St = {t = to}. The vectors on 
the normal bundle of S are normalized so that (k, £) = —1 and {I, k) = —2. The vector field m is 
unit, normal and pointing outside the surface .So within the hyperplane T, to . 



The idea is thus to transform the Penrose inequality 
geometry of So as a hypersurface of Euclidean space (M n+1 
The result is given in the following theorem: 



([2]) into an inequality involving the 
,qe) and the time height function r. 



Theorem 1 (Penrose inequality in Minkowski in terms of Euclidean geometry). Let 

(M ' n+ , rf) be the Minkowski spacetime with a selected Minkowskian coordinate system (t,x a ) 
£ = dt- Let (S, 7) be a spacetime convex surface in (M. ' n+ , rf) and VL the convex null hypersurface 
containing S. Consider a closed, convex surface So = OnSt as a hypersurface of Euclidean space 
(M n+1 ,g£:) an g i e £ ,y Q £ e j£ s i n d uce d metric, r]s its volume form, Ko its second fundamental form 
with respect to the outer unit normal and Kq the associated Weingarten map. Then the Penrose 



inequality for S can be rewritten as 

! (1 + [{Id - r K )- 2 ] A c ( 7o -f B r A r B ) tr [K o (Id - r Kq)" 1 ] A[r]r, §o > 
J So 

n-l 

2n(u n )*n A[r]77g o ) " (19) 

where Id is the identity endomorphism, r = t\s — to an d A[t] = det(Jd — t Kq). 

Proof. Let us start by relating Oi with 9 k . Taking the trace of (|15[) with respect to 7 (and using 
V = l,(k,Z)=-l): 

where A 7 = DaD a is the Laplacian of (S, 7). Corollary ([jrj gives — (£,/) = 1 + \Dt\^ and the 
equation above becomes 

9 l + (l + \DT\*)6 k -2A^T = 0. 

Integrating on S it follows 

[eiVs = - I {l + \DT\ 2 )d kVs , (20) 

Js Js 

which gives the desired relationship. 

The second step is to use the Ricatti equations on Vt in order to relate 9^ on S with the 

extrinsic geometry of Sq. To that aim, we first note that the vector field fcontl satisfies VfcA; = 

(this is an immediate consequence of the fact that £ is covariantly constant and (£, k) = — 1). 

Thus, the Ricatti equations on f2 take the form f|14[) provided we have selected n vector fields 

{Xyi} tangent to £1 and satisfying the requirements that (i) [Aj,X^] = and (ii) {fclpjX^lp} is a 

basis of T p Q,\/p E f2 (more precisely {k, Xa} is a basis of the tangent space of £1 on suitable open 

subsets, however this abuse of notation is standard and poses no complications below). Without 

loss of generality we take {^a} tangent to S. Equations (fbi|) still admit the freedom of choosing 

the initial value of the affine parameter a on each one of the null geodesies ruling Vt. It turns out 

to be convenient to select a so that a = on Sq. This determines a uniquely as a smooth function 

a : O — >• R which assigns to each point p£S!, the value of the affine parameter of the geodesic 

starting on Sq, with tangent vector k and passing through p. Given that 

k(t) = dt(k) = -(£,&) = 1, 

and t|o = to, it follows that a = t\a — to- I n particular a\s = r (this is the main reason why this 
choice of the origin of the affine parameter a is convenient). 

A crucial property of the geometry of a null hypersurface Q is that, given any point p £ f2 and 
any embedded spacelike surface S p in f2 passing through p, the induced metric js p of S p and the 
second fundamental form Kg of S p along the null normal k\ p satisfy 75 P (X, Y) = 7^(A > ,1 > ) and 
K% (X,Y) = K n (X,Y), where X,Y £ T p S p (see e.g. [22]). In other words, the induced metric 
and the extrinsic geometry along k of any embedded spacelike surface in Q depends only on p and 
not on the details of how S p is embedded in Q. Applying this result on So we have, for any point 
p G So, 

K n (X A ,X B )\ p = Kl o (X A ,X B )\ p (21) 

where Xa\ p is defined by the properties (i) Xa\ p € Xa\ p and (ii) Xa\ p is tangent to Sq at p (it is 
immediate that these two properties define a unique Xa)- Now, the Jordan-Brouwer separation 



theorem (see e.g. [23]) states that any connected, closed hypersurface of Euclidean space separates 
W 1 in two subsets, one with compact closure (called interior) and one with non-compact closure 
(called exterior). Let m be the unit normal of So pointing towards the exterior, and denote 
by Kq the corresponding second fundamental form and by Kq the associated Weingarten map. 
Let (Kq)ab be the components of Kq in the basis {-X^}. Since Sj is totally geodesic and 
{k,m)\n = —1 (which follows from the fact that k is ingoing, future directed, null and satisfies 
{k,Q = —1), we have 

K k So (X A ,X B )\ p = -(K ) AB \ p (22) 

Expressions (f2~T|) and (f22j) provides us with initial data K^ B \ a= Q = — (Kq) ab for the Ricatti 
equation (|14p . which in the Minkowski spacetime simplifies to 

d{KU)A * ^ -(K n ) A c (K n f B , 



d(^ 



da 
AB 



da 



2(K U ) AB . (23) 



As it is well-known (and in any case easy to verify) the solution to these equations with initial 
data K^ B \ a= Q = -(K ) AB is 



(K^ A B p = ~ (K,) A cl {p) [(Id - a{p)K \ <v) )-^ B (24) 

(j Q )ab = (j )agU p) [(Id - a( P )K \ Ap) ) 2 } c B , (25) 



where n(p) is defined as the unique point on So lying on the null geodesic a p . Now, the null 
expansion 9^ is related to K by 

9 k = tx,K k = ^ AB (V XA k,X B ) = ^(V^k,X^) = (^) AB K% = (K n ) A A . 

Evaluating ([24")) on S (i.e. on a = r) and taking the trace we find 9k\ P = — (Ko) A c [(Id — 
t ^o)^ 1 ] C a\tt(p)^ or equivalently 



9^ o (p = — tr 



Kvo(Id-TK )- 1 



where <j) = ir\s is the diffeomorphism between S and So introduced above. In order to simplify 
the notation we will from now on suppress all references to (j) when transferring information from 
S to So via this diffeomorphism. 

The remaining steps are to relate the volume forms of S and So and to determine |-Dt|^ (which 
appears in ([20]) ). Both involve the metric 7 on S. Evaluating ([25]) on S and using j AB = j^ B it 
follows 

1AB = (7o)Ac[(Id - tK ) 2 ] c b . (26) 

By construction, j AB is positive definite, and hence invertible. Obviously this places restrictions 
on the range of variation of r (which clearly come from the fact that fi cannot be extended 
arbitrarily to the future as a smooth hypersurface). The precise range of variation of r will be 
discussed below. Since 70 is positive definite, it follows that Id — tKq is also invertible and 

(7~y B = [(Id - tK )-Y c ( % Y B , (27) 



which implies, in particular, 

\Dt\* = [(Id - tK )- 2 ] a c ( 1o 1 ) CB tatb. (28) 

Taking determinants in (|26|) it follows that the volume forms of S and So are related by 

775 = A[t]ti §o (29) 

where A[r] d = det (Id -tK ). Inserting (J2SJ, (J28]) and (J22D into ([20]) we find 

/ 0JT/S = / (1 + [(/d -rKoj-y^^f^r^B) tr [K o (Id - t K Q y l ] A[t] V§ (30) 
JS JSo 

and the Penrose inequality ([2]) becomes (119j) . as claimed. □ 

A natural question for Theorem [1] is what is the class of functions t : 5*o — >• M for which 
inequality (|19p is conjectured. By construction, this amounts to knowing which is the range of 
variation of a in £1. Let {k\, • • • , K n } be the eigenvalues of Kq, i.e. the principal curvatures of 
So as a hypersurface in Euclidean space. So being convex, all these curvatures are non-negative, 
and at least one of them is different from zero (because So is closed). The eigenvalues of the 
endomorphism Id — tKq are obviously {1 — tk\, •••,! — tk h }. Hence, this endomorphism is 
invertible as long as r satisfies the bound 

r< 1 - r ^. (31) 

max ] ka r 
l<A<n 

Thus, the Penrose inequality, as written in inequality (|19[) . is conjectured to hold for arbitrary 
smooth functions r : So — > M satisfying the pointwise bound (|3ip . Incidentally, this statement 
also means that the range of variation of a on the null geodesic within ft passing through p e So 

is a G ( — oo ' 



max{KA|p} t 

6 The Penrose inequality in terms of the support function 

A remarkable property of convex hypersurfaces embedded in Euclidean space is that a single 
function determines all of its geometric properties, both intrinsic and extrinsic, in a very neat 
way. This function is called support function and is defined as follows: 

Definition 3 (Support function). Let So be a closed, convex and connected hypersurface em- 
bedded in the Euclidean space (M. n+1 ,gE)- Let x(p) be the position vector of p G So- The support 
function h : So — > M is defined by h(p) = (x(p),m(p)) gE where m(p) is the unit normal at p 
pointing towards the exterior of So- 

Closed, convex and connected hypersurfaces in (M n+1 ,<7#) are always topologically §". More- 
over, if the surface is strictly convex the Gauss map m : So — > § n is a diffeomorphism. We will 
restrict ourselves to the strictly convex case from now on. This entails no loss of generality for the 
Penrose inequality because any convex surface So can be approximated by strictly convex surfaces 
(e.g. by mean curvature flow [24J). Let us denote by 7 the pull-back on So of the standard metric 
on the n-sphere and V the corresponding connection. Then, the induced metric 70 and second 
fundamental form Ko of So ^-> R™ +1 can be written in terms of the support function as follows 
(see e.g. [25] p. 6): 

(Ko)ab = V A V B h + j AB h (32) 

(1o)ab = (1- 1 ) CD (Ko)ac(Ko)bd- (33) 



Combining these formulas with Theorem Q] it becomes possible to rewrite the Penrose inequality 
for dust null shells in Minkowski as an inequality on the sphere involving two smooth functions, 
namely r and h. In this section we obtain the explicit form of this inequality. To that aim, it 
is convenient to introduce the endomorphism B obtained by raising one index to Kq with the 
spherical metric 7, i.e. B B = ( 7 y~ 1 ) AC (Ko)c B ■ It is immediate from (f33|) that B is the inverse 
endomorphism of the Weingarten map Kq. Since So is diffeomorphic to § n via the Gauss map 
we can identify both manifolds and we can think of 7, h, B etc. as objects defined on S n . This 
applies in particular to the function r : So — > R. With this notation, we can now state and prove 
the following theorem, which gives the Penrose inequality in Minkowski in terms of the support 
function. 

Theorem 2 (Penrose inequality in Minkowski in terms of the support function). Let 

(S,-y) be a spacetime strictly convex surface in (Ai 1,n+1 ,n). With the same notation as in Theorem 
[/J let h be the support function of So . Then the Penrose inequality takes the form 

I (1 + [{B - Tld)- 2 ] A c{l~ l f B T,AT,B) tr[(B - rid)- 1 } det(B - Tld) Vsn > 



)n(w„)» det(B - rld)^ J (34) 

where 7, V, T]§n are the standard metric, connection and volume form on §> n , 

B A B = (TY^cVBh + 5 A B h, (35) 

h : S n — > M. is the support function of Sq ^ M n+1 and r : S n — >■ M. is the time height function of S. 

Proof. From (|33p it follows that B determines the metric 70 via 

(1o)ab = B c A B D B j CD (36) 

which implies 

V§o = det(B) V§n . (37) 

Since B is the inverse of Kq, we have 

A[r]r]g o = det (Id - tK ) rjg o = det (Id - tK ) det(S)?7 §n = det (B - rid) r/g™. (38) 

Similarly, 

tr[K o (Id - tKqY 1 } = trfS" 1 o (id - tB" 1 ) -1 ] = tr[(B - Tidy 1 }. (39) 

It only remains to calculate [(Id — r Kq) ~ 2 ] c("fo ) ■ From (|36p and using again the fact that 
B is the inverse of Kq we get 

[(Id - r Kq)-Yc{^ 1 ) CB = [{Id ~ r Kq)-Yc{Ko) C D (Ko) B f (1- 1 ) DF = 

= [(Id-TK )-y c (Kof D (K ) D F (j-y F . (40) 

where in the last equality we made use of the property that (Ko) B F ( : y~ 1 ) DF is symmetric (this 
follows from (|33p . which states in particular that this tensor is the inverse of the symmetric 
two-covariant tensor (Kq)bd)- Since (Id — t Kq)~ 1 o Kq = (B — r Id)^ 1 it follows 

[(Id - t K y 2 ] o K o K = [(Id - t Ko)' 1 } o (B - t Id)' 1 o K = (B - t Id)~ 2 (41) 

where in the second equality we have used the fact that (Id — tKq) and (B — r Id) commute. 
Using (gU) in (gO]) yields 

[(Id-rKoyYc^f^KB-rldyYciT 1 ) 03 - (42) 



Substituting (|38j) . (|39j) and (j42|) into inequality (|T9|) proves the theorem. D 



In the following section we discuss the validity of the Penrose inequality for null dust shells in 
Minkowski when the incoming shell has spherical shape. Following |19j we refer to this situation as 
the "spherical case" (note however that the incoming shell need not carry a spherically symmetric 
matter distribution). In other words, we consider the case when the null hypersurface £1 is the 
past null cone of a point in Minkowski spacetime and S is any surface embedded in f2. The 
explicit form of this inequality in spacetime dimension four appeared already in [3] and led to 
an inequality for positive functions on the sphere. This inequality turned out to be highly non- 
trivial. Tod in [1] was able to prove the inequality by using suitable functions on R and using 
the Sobolev inequality. In this paper we show that the Penrose inequality for spherical null dust 
shells in Minkowski holds in any spacetime dimension. 

6.1 Spherically symmetric case 

Let us restrict ourselves to the case when Q is the past null cone of a point (see Figure [2]). As a 
consequence of Theorem [2j the Penrose inequality transforms in this case into an inequality for 
a single positive function on the sphere. Its validity will follow as a simple consequence of the 
Beckner inequality [18] which bounds from above the L q norm of a function on the sphere in terms 
of its H 2 norm. Specifically, 

Theorem 3 (Beckner, 1993). Let F G C 1 (S n ) and denote as before the standard metric, volume 
form and connection of the n-dimensional unit sphere byj, rj^n, V. Then 



V7Z7|2^„ i / I 77|2^_ \ /, , \1 



2 
2/1 \ q 



VF|4tts" + / |iTTjs» > K) « / \F\ q Vs" , (43) 



n 
where 2 < q < oo if n = 1 or n = 2 and 2 < q < ^^ if n > 3. 

The following theorem settles the inequality when Q is the past null cone of a point: 

Theorem 4 (Penrose inequality on a past null cone). Consider a point p G Jv[ l > n+1 (n ^ 2) 

and Q p the past null cone of p. Let S be a closed spacelike surface embedded in Vt p . Then the 
Penrose inequality for S reads 

71-1 

( r n-l + r «-3|Vr|2) mn > ( Wft )£ ( [ r n Vs \ ' (44) 



where r = t{p) —t\s- Moreover, this inequality holds true as a consequence of Beckner 's theorem. 

Proof. Select to = t(p) — 1. Then, the function r is written in terms of r as r = t\$ — to = 
t\s — t(p) + l = 1 — r and Sq = fl p nT,t is the n-dimensional unit sphere embedded in the Euclidean 
space. This surface has support function h = 1, which implies (Kq)ab = V^V^/i + Jab^ = Iab 
(this simply states the well-known property that the unit sphere has all principal curvatures equal 

rid, from which 



to one) . Then B A B ■ 


= (rT^&oteB = S A B and (B - rid) : 


= (1 - r)Id = 




\+[{Tl-Tld)- 2 ] A c {~ l ) CB TAT, B = 


! + ^4 




det (B - Tld) = 


r n , 




tr[(B -rid)- 1 } = 


n 



r 

Substituting into (I34p yields immediately (I44p . In order to show that this inequality is a particular 
case of the Beckner inequality, we define q = -^\ which clearly satisfies the bounds 2 < q < oo if 

2re 
n-1 



n = 2 and 2 < q < — ^W if n > 3. Introducing the function F = r 2 , (|44p becomes 



2 - 

-?—) [ IVF)^ + / F 2 mn > K) 1 -! ( [ F«ri$n) " . (45) 

n-1 J y S " Js™ \Js« J 



Since n > 2, then ^- = n /^_-i\ < (^j) 2 and inequality (f4"5j) is a particular case of (|4"3]) , D 

Remark. As mentioned above, the case n = 2 of this theorem was proved by Tod in pQ using 
the Sobolev inequality in M 4 . In a later paper, Tod proved [26] that the factor (^y) 2 (i.e. 4 when 
n = 2) in front of the gradient in (J45J) could be improved to 8/3 by using the Sobolev inequality of 
M 6 applied to suitable functions. Tod also conjectured that this factor could be improved to one. 
We note that Beckner's inequality implies in particular the validity of this conjecture by Tod. 




Figure 2: When the spacetime convex surface S lies in the past null cone of a point p £ Ai 1,n+1 , 
its projection along Q p onto Xt i s always an n-sphere. The Penrose inequality transforms in this 
case into an inequality for a single positive function r. 



Penrose inequality in terms of the support function in space- 
time dimension four 



The general expression for the Penrose inequality in terms of the support function as written in 
Theorem [2] involves the inverse of the endomorphism B — rid, where B B = V Vg/i + 5 B h (for 
notational simplicity in this section we will lower and raise all indices with the spherical metric 
7 and its inverse). Hence, the explicit form of the inequality in terms of the support function 
is rather involved. In this section we restrict ourselves to spacetime dimension four, where the 
expressions simplify notably. The reason is that, in this case, the endomorphism B acts on a two- 
dimensional vector space where inverses are much simpler to calculate. In fact, we will exploit the 
fact that any endomorphism A : V2 — > V2 acting on a two-dimensional vector space Vi satisfies 
the identity 



A 2 = tr(A)A-det(A)/d. 



(46) 



This identity is a direct consequence of the expression of the minimal polynomial in terms of the 
eigenvalues of A and the fact that these eigenvalues can be expressed in terms of the trace and 
determinant of the endomorphism (alternatively, (|46p can be proved by direct calculation in any 
basis). A simple consequence of (I46p is that, whenever A is invertible 



1 



tx(A) 



det(A) det(A) 



-A + 



Id. 



(47) 



Taking traces in (|4"6"]l and (|4"T|) yields, respectively, 

1 



det(A) 

triA- 1 ) 



[tr(A) 2 -tr(A 2 )] 
tr(A) 



det(A) 

Squaring (|47p and using (|46p and (|48p we get an expression for A~ which reads: 



1-2 



tr(A) A | [tr(A) 2 +tr(A 2 )] ^ 



[det(A)]s 



2[det(A)p 



(48) 
(49) 

(50) 



Of particular interest below is the case when A is of the form A = Aq + fid for some scalar /. 
Inserting this respectively into (I48h and (I50D gives, after a straightforward calculation, 



det(A + /Id) = i[tr(A ) 2 -tr(A2)]+/tr(A ) + / 2 , 



(51) 



(A + fIdy 



tr(A ) + 2/ | [tr(Ap) 2 + tr(Ag)] + 2/tr(A ) + f 



[det(A + /Id)] 2 ' 



[det(A + /Id)] 2 



Having noticed these algebraic identities, we can now write down the specific form of the Penrose 
inequality in terms of the support function in the case of four spacetime dimensions. 

Theorem 5. Let (S, 7) be a spacetime strictly convex surface in the Minkowski spacetime (Ai 1,3 ,rj). 
With the same notation as in Theorem [2, the Penrose inequality can be written in the form 



l + Wi|Vr|i-W 2 (V V h)V A TV B T A 7 /i + 2(h - r) ) tfea > 



> 4 16tt 



{h _ r )2 + {A _ h){h _ t) _ -{h^h) ) VE 



(53) 



where A~ is the Laplacian of the unit 2-sphere and 



= = , „ ,r=C=D , 



W\ 



Wo 



(h - r) 2 + 2(/i - r)A-/i + i (A-/i) 2 + (V c V D /i)(V V ft,) 



=C=B, 



(/i - r) 2 + (/i - r)A-/i + \[{A-h) 2 - (V c V B /i)(V V h)\ 
A-h + 2(/i - t) 



2 > 



=■ = , . / =C=D , 



(/» - r) 2 + (h - r)A T /j + i[(A y /i) 2 - (V c Vd/i)(V V /i) 



(54) 
(55) 






Proof. Define the endomorphism Aq B = V^V#/i, so that tr(Ao) = Ay/i and B — rid = Aq + 
(h — r)Id. Applying identity (l5Tj) with / = h — r gives 



l r. 



7^=0, 



det{B - rid) = {h- tY + A^h(h - r) + - (A T /i) - (V c V D /i)(V V /i) 

Using (J4*9|) we have 

tr[(S - rid)' 1 } det(B - r/d) = tr(B - r/d) = A T /j + 2(/i - r). 



(56) 



(57) 



We still need to evaluate (B — rid) 2 from (|52p . Using the definitions of W\ and W2 it is 
immediate to check that 



(B - rid) 



W 1 Id-W 2 A . 



(58) 



Substituting ([56]) , (f57|) and ([58]) into the left-hand side of inequality (fM|) gives the left-hand side 
of (|53p . In particular, we have obtained an explicit formula for the integral of Oi on S, namely 



I BiVs = I (l + ^i|Vr|4 - W 2 (V A V B /i)V a tVbt) ( A-h + 2(/t - r)) Vs 2. 



(59) 



For the right-hand side of (f53|) we need to calculate IS"! = Jg 2 det(B — Tld)rj S 2. In particular, we 
need to integrate (A-h) 2 — (V(;Vb/i)(V V h) on the sphere. We note the following identity 

V c [(V C h)(V D V D h)} - V c [(V D h)(V C V D h)} 
= (A-h) 2 - (V c V D /i)(V C V D /i) + (v C /i) V c V D V D /i - V D V D V c h 

= (A T /i) 2 - {V c V D h)(V C V D h) + (v C h) \v c V D V D h-V D V c V D h 



= (A-h) 2 - (V c V D h)(V C V D h) - \Vh\ 2 (60) 

where in the last equality we have used the definition of the Riemann tensor and the fact that the 
sphere has constant curvature equal to one. Integrating (f6"0|) and using the fact that the left-hand 
side of this expression is a divergence, it follows 

/ ((A-h) 2 - (V c V D h)(V C V D h)) 7fc 2 = i \Vhg V§2 = I -(hA-h)r] s2 (61) 

where in the last step we have integrated by parts. Summing up, 

|S1 = ^ Uh - t) 2 + (A^h)(h - t) - \hA^h\ r? §2 (62) 

which inserted into the right-hand side of (|34p gives the right-hand side of (|53p (recall that U2 = 

4vr). 

□ 

As already mentioned above, it is well-known that when the surface S lies in a hyperplane of 
the Minkowski spacetime, the Penrose inequality ([2D becomes the classic Minkowski inequality for 
the total mean curvature J of a surface in Euclidean space. In the case of 3 + 1 dimensions, the 
Minkowski inequality reads 



JV§ >V 167r l<V (63) 

So 

Using the theorem above we can obtain the explicit form of the Minkowski inequality in terms of 
the support function. This result is obviously not new, but stated here for later reference. 

Corollary 2 (Minkowski inequality in (IR 3 ,g#) in terras of the support function). Let 

So be a spacetime striclty convex surface embedded in a constant time hyperplane of the Minkowski 
spacetime (A^ 1,3 ,r/). Then, the Minkowski inequality fggj) in terms of the support function h of 
So takes the form 



hVs* ) > y 47T / (h 2 + -hAjhj ?7 § 2. 



(64) 



Proof. Without loss of generality choose to as the value of t on the hyperplane where So lies. This 
choice implies r = and that h is the support function of So- Since V^r = 0, inequality ()53[) 
reduces to (1641. □ 



Inequality (|53|) in terms of the support function is still formidable. However, it is completely 
explicit in terms of two functions on the sphere. In the next section we prove its validity for a subset 
of admissible functions {h,r}. This subset has not-empty interior (in any reasonable topology) 
so the class of surfaces where the inequality is proved is rather large. The proof is inspired in the 
flow of surfaces put forward by Ludvigsen and Vickers [10] in their attempt to prove the general 
Penrose inequality in terms of the Bondi mass. As mentioned in the Introduction, Bergqvist [llj 
found a gap in the argument and showed that the method provides a proof only under additional 
circumstances which are, in principle, not straightforward to control directly in terms of the initial 
surface. In our situation we have very explicit control of the whole flow of surfaces. This allows 
us, on the one hand, to find sufficient conditions for the validity of the Penrose inequality directly 
in terms of the geometry of the initial surface and, on the other, to prove the inequality for a 
much larger class than the one covered by Bergqvist 's argument. In a future work we intend to 
study in detail the relationship between the argument here and the proof in |11| in order to see if 
the argument here admits a generalization to general spacetimes with complete past null infinity. 

8 Dragging the surface along its past null cone 

The flow put forward by Ludvigsen and Vickers |10| and analyzed further by Bergqvist [TTJ 
consists in dragging the initial surface S along its outer directed past null cone along affinely 
parametrized null geodesies. The key property that makes this flow useful is the existence of a 
monotonic quantity, often called Bergqvist mass. We start by introducing the flow and defining 
the Bergqvist mass in our context. 

We put ourselves in the setting where S is a spacetime strictly convex surface in the four- 
dimensional Minkowski spacetime (A^ 1,3 ,ry), $7 is the spacetime convex null hypersurface where 
it sits and So = flfl E$ is closed. We have introduced in Section [5] a smooth function a : £1 — >• R 
which assigns to every point p £ $7, the affine parameter at p of the null geodesic tangent to the 
null vector k starting on S. By construction, a vanishes on Sq and takes the values o~\s = t. Let 
us extend r to a function t : Q — > R by imposing k(j) = and introduce a new smooth function 
A:fi->RbyA = r-a. Geometrically, A is just a reparametrization of the null geodesies ruling 
£1 (with this parameter the tangent vector is —k and the geodesies start on S). It is immediate 
to see that the level sets S\ = {A (A), A > 0} of this function define spacetime convex surfaces 
embedded in fi. The collection of {S\}, A G [0, oo) defines a flow starting at S = So. Let us denote 
by 7a and ijs x the induced metric and volume form of S\ and by 6i(X) the outer null expansion 
of S\ (with the normalization (l,k) = —2, as before). Then, the Bergqvist mass is defined by 

M b {\) d = f (J 9i(X)vs x ) ~ 8ttA. (65) 

In [TT] the derivative of Mj, with respect to A is calculated using the spin formalism. For the sake 
of completeness, let us rederive this derivative using a purely tensorial formalism. 

Lemma 2 (Bergqvist [11] ). With the definitions above we have 

dM b (X) 



I 2(s A ,s A ) 7A r/5 A ^0 



dX JSx 

where s\ is the connection one-form of S\, defined as s\(X) = — ~(k, V^Ota f or an y vector field 
X tangent to S\. 



Proof. Since the variation vector of the flow {S\} is —k we need to calculate 
dM b (X) 



7T+ f <5_ fe (^(A))w+ / 0i(A)(<Uifea) (66) 

7r+/ (<5_ fe (^(A))-^(A)^(A))r7 § 2, (67) 



dA 



5 A 

where 5-k stands for geometric variation along —k and we have used the first variation of volume 
SkiVSx) = QkWwSx ( see e -g [27| ) in the second equality. The first variation of the null expansion 
Q\ is standard and can be found in many places (see e.g. (2.23) in [28] where we need to set n = 
because our null vector —k is geodesic and affinely parametrized, or Lemma 3.1 in [29] with a = 
for the same reason) 

5- k (0j(A)) = Scal(S A ) + 9i(X)e k (X) - 2(s x , s A ) 7A + 2div 7A s A , (68) 

where Scal(5 A ) is the scalar curvature of (S*a>7a)- The surfaces S\ are topologically spheres, so 
the Gauss-Bonnet theorem gives 

/ Sca\(Sx)vs x = 8vr - 
Js x 

Inserting (|68p in (J66I) and using the Gauss-Bonnet theorem proves the Lemma. □ 



Theorem 6 (Class of surfaces where the Penrose inequality in Ai 1 ' 3 holds). Let (5,7) 
be a spacetime strictly convex surface in (_M 1,3 ,7y). With the same assumptions and notation 
as in Theorem [5j let h be the support function of Sq as a hypersurface of Euclidean space and 
r = t\s — to- If these two functions satisfy the inequality 



4vr / ((A T /i) 2 + 2hAjh)rj S 2 ^ 4vr / u 2 r/§ 2 - ( / ur] § 2 ) 
7s 2 J§ 2 \Js, 2 J 



(69) 



where u = A^/i + 2(/i — r), then the Penrose inequality (fj|) holds for S. 

Proof. In analogy with the definition of Mf,(A) (|65p . we define a function D(X) by 

23(A) = f V16tt|5a| - 8^A. (70) 

With this definition, the Penrose inequality (|2|) for S\ can be written in the form 

M b {X) > D(X). 

Our aim is to prove M b (X = 0) > D(X = 0). Since Bergqvist's Lemma [2] ensures that M b (X) 
is monotonically decreasing in A, the idea of the proof is to study the monotonicity properties 
of -D(A) together with the limiting behaviour of both functions when A — > oo in order to see if 
sufficient conditions can be obtained so that M b {X = 0) > D{X = 0) holds. 

Let us start with the limit of M b (X) at infinity. We want to exploit the fact that we obtained 
in (|59p a general expression for the total integral of the outer null expansion Q\ on any spacetime 
convex surface S, in particular for S\. We need to determine the support and time height function 
of S\. Although it is not the only natural possibility, a convenient choice is to fix one hyperplane 
E to and project all surfaces S\ along O onto E io . This procedure has the advantage that S*o is 
the same surface for all S\ and hence that the support function h is independent of A. With this 
choice, the time height function t\ of S\ is 

T\ = t\s x -t = cr\s x =t - X. 



Inserting these functions in (J59J) we find 
M h {\) = 
= I (A-/i + 2(/i - r) + (A-h + 2(h-r + A)) (Wi(\)\Vt\1 - W 2 (X)(V A V B h)V A rV B T^ ri S 2, 

where Wi(A) and ^(A) are obtained from ([5^|) - ([55]) after substituting r — > r — A. Since W±(X) 
and W2(X) vanish as A~ 2 when A — > oo the limit of M&(A) is simply 



(71) 



lim Afft(A) = / (A T /i + 2(/t - r))/^. 
Regarding D(X), we substitute r — >• t\ in (l62j) to obtain 

\Sx\ = j ^ Uh - r + A) 2 + Ay/i Q - r + a)) t&, (72) 



so that 



D(A) = J 16vr f((h-T + X) 2 + A-h [ ^ - r + A j j T7 S 2 - 8vrA. 

It is straightforward to check that the limit of this expression at infinity is 

limD(X)= I (A t /i + 2(/i-t))t ?S 2, 

which coincides with the limit of M&(A) obtained in (|7ip . Since M^{X) is monotonically decreasing, 
and M;, (A) coincides with -D(A) at infinity, a sufficient condition for the validity of M&(A = 0) > 
D(A = 0) is that -D(A) is monotonically increasing. From the definition (|70p it follows 



dD(X) 
dX 



It only remains to find out under which conditions the right-hand side of (I73p is non- negative. 
Since -^- > (because #fc < on SI and ^ A A = —9k(X)rjs x ), this is equivalent to 

(*M) 2 _ 1MSA |>0. (74) 

It is now a matter of simple algebra to show that (|74p is equivalent to (|69p with the definition 
u= f A-/i + 2(/i-r). D 

Theorem [6] gives a class of spacetime strictly convex surfaces in the Minkowski spacetime for 
which the Penrose inequality holds. An important question regarding this result is how large is 
the class of surfaces covered by the theorem. Since inequality ([69]) is quadratic in h, u and its 
derivatives, a natural strategy is to expand these functions in terms of spherical harmonics and 
to rewrite (|69l) as an inequality for the coefficients of these expansions. 

Let r £ N U and Y^ (m = —r, ■ ■ ■ r) be 2r + 1 linearly independent eigenfunctions of the 
spherical Laplacian with eigenvalue — r(r+l), i.e. A—Y^ = — r(r+l)Y^. Without loss of generality 
we assume that they form an orthonormal basis of L 2 (S 2 ), i.e. J g2 YfYfrfya = 5 rs 5ij. Any smooth 
function / on the sphere can be decomposed in this basis as 

oo 
f = J2"r-Y r , 



r=0 



where here and in the following we use the notation a r ■ Y r = Ylm=-r ^^m- Similarly we write 



a 2 = Y^ r m =-r( a r 1 ) 2 ■ The following Corollary identifies the class of surfaces covered in Theorem [S] 
in terms of the spherical harmonic decompositions of h and u. 

Corollary 3. With the notation of Theorem® let us expand the functions h and u in terms of 
spherical harmonics as 

oo oo 

h = Y j a r -Y r , u = Y, b r ■ Y r . (75) 

r=0 r=0 

If the coefficients satisfy the inequality 



^a 2 r(r + l)(r-l)(r + 2) ^^6 2 , (76) 



r=2 



then the Penrose inequality holds for the spacetime convex surface S defined by the support function 
h and the time height function r = h — jAy/i — |. 

Proof. The orthogonality relations of the spherical harmonics imply 

,. oo „ oo 

/ (A 7 /i) 2 7fe 2 = Va2 r 2 (r + l) 2 , / feA T % = -Vr(r + i; 



2 

fl r , 



r=0 "° r=0 

so that the left-hand side of (1691) reads 



„ CO 

4vr / ((A-/i) 2 + 2/iA-/i) t7 §2 = 4vr V a^( r ~ !)( r + !)( r + 2 )- 



(77) 



On the other hand, the spherical harmonic decomposition of u implies L 2 wq§2 = V47rft[) and 

P / p \ 2 oo oo 

4tt / u 2 r7 §2 - / u Vs2 = 4vr V b 2 r - (V^b° ) 2 = 4vr V 6 2 . (78) 

J§ 2 VJS 2 / r=0 r=1 

Using ([77|) and ([75]) , we obtain ([76]) , as claimed (we note in passing that (|77|) and (|78|) imply that 
both sides in inequality ([UU|) are non-negative). 

□ 

Remark 1 . In Theorem [6] we have shown that the Penrose inequality in the spherical case 
holds as a consequence of the Beckner inequality (or as a consequence of the Sobolev inequality 
in R m in the case of four spacetime dimensions [T] ) . It is interesting to see how does the spherical 
case fit into the class of functions covered in Theorem [6) It is well-known (and easy to proof) that 
the support function of a sphere is either a constant (if the origin of Euclidean space coincides with 
the center of the sphere) or a linear combination of r = 0, 1 spherical harmonics (when the sphere 
is displaced from the origin). In either case, the left-hand side of (|76p is identically vanishing, so 
that the inequality can only hold if the right-hand side also vanishes. This forces u = const, and 
hence r = const, too. We see that that the only "spherical case" included in Theorem [6] is when 
the surface S itself is spherically symmetric, which is a trivial case. Thus, in some sense, the cases 
covered by Beckner's inequality (which is essentially analytic in nature) and the cases covered 
by the geometric flow used in Theorem [6] are mutually exclusive. This seems to indicate that 
any attempt of proving the Penrose inequality for spacetime convex surfaces in the general case 
most likely needs some sort of combination of both ingredients and almost surely a combination 
of analytic and geometric arguments. 



Remark 2. The other case where the Penrose inequality in Minkowski was known to hold 
involves surfaces lying in a constant time hyperplane. It is also natural to see how does this case 
fit into the class of surfaces covered by Theorem [6J In this situation we have r = and hence 
u = Ay/i + 2h. Inserting this function in (|69p . this inequality becomes 

/ hr&) >4tt [ (h 2 + lhA-h) Vn2 , (79) 

Js 2 J Jn 2 l 

which is exactly the Minkowski inequality for 2-dimensional euclidean surfaces in terms of the 
support function (see formula (|64p ). Since the Minkowski inequality is true, it follows that the 
class of surfaces covered by Theorem [6] includes the case of convex surfaces lying on constant 
time hyperplanes (incidentally, it is immediate to prove directly the validity of (|79p by using the 
spherical harmonic decomposition h = YlrLo ar ' Y r ). 

We finish this section, and the paper, with a particular case of Theorem [6] where the inequality 
(|69p can be interpreted nicely in terms of the geometry of the projected surface Sq and of the 
height function r of S. 

Corollary 4. Let Sq be a strictly convex surface embedded in a hyperplane £i and let 0, the 
spacetime convex null hypersurface containing So- The Penrose inequality holds for any surface S 
embedded in £1 and defined by a function r = t\s — to of the form 

Scal(So) 

where a E [0,1], /3 G M. and J (So), Scal(So) are, respectively, the mean curvature and scalar 
curvature of So as a hypersurface of Euclidean space. 

Proof. For surfaces in M 3 , the scalar curvature can be written as Scal(So) = 2k\K2 where m and 
At2 are the principal curvatures of Sq (hence positive everywhere since So is strictly convex). Since 
J = Hi + K2 it follows 

r = 2a— -^J- -p = a(— + —]-P = atr(K _1 ) - (3 = atr(B) - f3 = a (A T /i + 2h) - (3. 
Scal(So) V K i K 2/ 

As a consequence, the function u = Ay/i + 2(h — t) takes the form 

u = (1 - 2a) (A-h + 2h) + 2/3, 
which in terms of the coefficients in the expansion (|75p implies 

b r = -(l-2a)(r + 2)(r-l)a r r>l 
Inserting this into (|76p we find that this inequality becomes 

oo 

Y^ a 2 r (r + 2)(r - 1) [ r(r + 1) - (1 - 2a) 2 (r + 2)(r- 1)1 > 

r=2 

Since h is basically arbitrary (it is only restricted by the condition that it defines a strictly convex 
surface) we need to impose that each term of the sum is non-negative. This is achieved only if 

(1 - 2a? < (r l^'l 1} d = f Z(r), Vr > 2. (80) 

Since the sequence Z(r) is decreasing and its limit is 1 we see that this inequality holds if (1— 2a) 2 ^J 
1, which is equivalent to a G [0, 1]. Since a is restricted to this range by hypothesis, (fSUj) holds 
true and the Corollary follows. □ 
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